UNIVERSITY OF NEW ENGLAND 


University of NAME: 
New England : 
STUDENT NUMBER: 


UNIT CODE: MATH460 

PAPER TITLE: Probability and Simulation 

PAPER NUMBER: First and Only 

DATE: Wednesday 24 May 2017 TIME: 9:15 AM TO 11:30 AM 
TIME ALLOWED: 2 hours and 15 minutes 

NUMBER OF PAGES IN PAPER: _ SEVEN (7) 

NUMBER OF QUESTIONS ON PAPER: __ SIX (6) 

NUMBER OF QUESTIONS TO BE ANSWERED: SIX (6) 


STATIONERY Ea 6 PAGE ANSWER BOOKS | 0 GENERAL PURPOSE ANSWER SHEET 
PER 


CANDIDATE: ) 0 GRAPH PAPER SHEETS | 0 GEOLOGY SAMPLES 


OTHER AIDS REQUIRED: FORMULAE ARE ON PAGES 6 AND 7 
CALCULATORS: PERMITTED (APPROVED MODELS ONLY) 
TEXTBOOKS OR NOTES: NOT PERMITTED 


INSTRUCTIONS FOR CANDIDATES: 
e Candidates MAY NOT start writing until instructed to do so by the supervisor 


e Please pay attention to the announcements and read all instructions carefully before 
commencing the paper 


e Candidates MUST write their name and student number on the top of this page 
e The total marks for this paper equal 100 
e Candidates should attempt ALL questions 


e Questions are NOT of equal value. The allocation of marks are shown within each 
question 


e Formula sheet is provided on Pages 6 and 7 
e Explain the answers using correct notation, e.g. P(X>5.2) = 0.56 


e This examination paper MUST BE HANDED IN along with all supplied stationery. 
Failure to do so may result in the cancellation of all marks for this examination 


REMEMBER TO WRITE YOUR NAME AND STUDENT NUMBER AT THE TOP OF THIS PAGE 


THE UNIVERSITY CONSIDERS IMPROPER CONDUCT IN EXAMINATIONS TO BE A SERIOUS OFFENCE. 
PENALTIES FOR CHEATING ARE EXCLUSION FROM THE UNIVERSITY FOR ONE YEAR AND/OR CANCELLATION 
OF ANY CREDIT RECEIVED IN THE EXAMINATION FOR THAT UNIT. 


MATH460 Trimester 1, 2017 


Question 1 [20 marks] 


(a) Prove that for any events A and B with P(B) 40 
P(A| B)+P(A| B) =1. 
[6 marks] 


(b) Forensic evidence shows there is a probability of 60% that a suspect committed a 
certain crime. The suspect is given a lie detector test. The test is known to be 80% 


reliable when a person is guilty and 95% reliable when a person is innocent. 


(i) What is the probability that the test indicates that the suspect is guilty? 
[4 marks] 


(ii) If the test indicates guilt, what is the probability that the suspect is, in fact, 
guilty? [5 marks] 


(iii) If the test indicates innocence, what is the probability that the suspect is guilty? 


[5 marks] 
Question 2 [18 marks] 
A random variable X has an exponential distribution 
1 -#/8 
fxr) =e re a0, 
8 
(a) Show P(X >t) =e7*/*. [5 marks] 
(b) Show P(X >s+t|X >s)=P(X >t). [7 marks] 


(c) The exponential distribution is often used to describe the the time to an event, for 


example the time to failure of a component. In this context, 


(i) What is the significance of the parameter 3? [2 marks] 


(ii) Explain the meaning of the result (b). [4 marks] 
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Question 3 [22 marks] 


(a) Suppose X1, X2,...,X, are independent Poisson random variables with parameters 
[11, [l2,--+, fn. Use the moment generating function to show that the random variable 


X = )°j_, X; is a Poisson random variable with parameter pp = >i, f4;. [10 marks] 


(b) The number of traffic accidents at an intersection is described by a Poisson distribu- 


tion with a mean of 7 accidents per week. 


(i) What is the probability that no accidents occur in a given week? [4 marks] 


(ii) Assuming that accidents are equally likely on any day of the week, what is the 


probability that no accidents occur on a given day? [4 marks] 


(iii) What is the probability that at least 10 accidents occur in a given week? You 
may refer to Table 1. [4 marks] 


> X = 9:11 

> dpois(X, 7) 

[1] 0.1014 0.0710 0.0452 

> ppois(X, 7, lower.tail=T) 
[1] 0.8305 0.9015 0.9467 


Table 1: Poisson Probabilities 


Question 4 [15 marks] 


Let the random variable X,, denote the number of heads in n tosses of a fair coin. 


(a) Estimate P(X109 > 60). [8 marks] 


(b) Estimate a value of N such that P(Xi000 > N) & P(Xi00 = 60). [7 marks] 


You may use Figure 1 on page 4. 


Question 4 is continued on page 4 
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CDF of the Standard Normal Distribution 


Cumulative Probability 
0 01 02 03 04 05 06 0.7 08 09 1 


Figure 1: Standard Normal Cumulative Distribution 


Question 5 [15 marks] 


Discrete random variables X and Y have the joint probability mass function given by the 


table 


Xx 
0 i 2 


Oo FF © 


Od D2: 00 oo 
0 OO 2: Oot 
Od. OE ot ~ab 


0.4 
0.3 
0.3 


0.2 0.3 0.3 0.2 


(a) Find the marginal distribution of X. 


(b) Find the conditional distribution of (X | Y = 0). 


(c) Find the conditional expectation E(X | Y = 0). 


(d) Find the conditional probability P(X > 1] Y > 0). 


(e) Are X and Y independent? Explain your answer. 


4 


2 marks| 
[3 marks 
[3 marks 


[4 marks| 


[3 marks 
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Question 6 {10 marks] 


Lighthouse 


1 km 


x 


Figure 2: Diagram for Question 6 


A lighthouse 1 km from a straight coastline emits a beam at a random angle 0, assumed to 
be uniformly distributed between —7/2 and 7/2 (see Figure 2). Let the random variable 
X denote the position x at which the beam is observed along the coastline. 

Find the density fx(a) of X. 


You may use 


Please remember: This examination question paper MUST BE HANDED IN. Failure 


to do so may result in the cancellation of all marks for this examination. Writing your 


name and number on the front will help us confirm that your paper has been returned. 


Formulae provided on pages 6 & 7 
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Formula Sheet 


Probability P(ANB) =P(A| B)P(B) 
P(A) = P(A| B) P(B)+ P(A | B) P(B) 
P(A) = P(ANB)+P(ANB) 
P(B;)P(A|B; 
p(pja) =< —PBDP(AIB) 
Dies P(B;)P(A|B;) 
Distributions 
Distribution Probability Function Mean Variance M x(t) 
bin(n, p) p(r) = (") p(1—p)"" np — np(1 —p) (pet + (1 — p))” 
Pois(1) pa) = oF, e = Odes jl jl exp[—p{1 — exp(t) }] 
geom(p) p(x) = q?'p, « = 1,2... 1/p  (1—p)/p? pe’ /{1— (1 pe“} 
N 2 _ 1 1 (<4) 2 ( t a) 
(1,07) fe aaa ms ieee HU 0 exp | Me + —- 
1 b b—a)? 
U(a,b) fl) =p, ase — ( 0) {et — e**} /(b — a) 
exp(() f= qo B ge (1— Gt)! for t<1/6 
east 1 a-1,—a/ — = 
Gamma(a,8) f(x) = BT a)” 1e-2/B ab ap? (1 — 6t)-* for t< 1/8 


Bivariate Normal Distribution 


(X, ¥) os No(Ux, Hy, 0%; OF P) 


Ox 
XW ~N (ux + p2y-ny), 0-6) 


MATH460 Trimester 1, 2017 


Moment Generating Functions Mx(t) = E(eX) 


My(t) = [| Mx,() 
i=l 
where Y = X,4+ Xo+...+ Xn, and the X; are independent random variables 


Tchebysheff’s inequality 
1 
Pr|X — pl 2 ko < 7 


or equivalently 
1 
Pr|X — pl <ko 21-75 


Transformation of Random Variables 


dx 
fy(y) = fx(z) ae 
Series (l—z)=1ltz4274+234 
: ee 
Boek Oe oe aE 


